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Feel free to write on this. 

I’m going to give you a clean copy. 

And all handouts are on my webpage:   
www.RMEInTheClassroom.com

First, let’s do some 
math!
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geometric
procedural

How do 
students make 

slope
meaningful? 

Friday, September 26, 14



How do 
students make 

slope
meaningful? 

Friday, September 26, 14



slope

How do 
students make 

slope

How do 
students make 

slope
meaningful? 

Friday, September 26, 14



slope

Friday, September 26, 14



slope

Friday, September 26, 14



slope

Friday, September 26, 14



slope

Friday, September 26, 14



slope

Friday, September 26, 14



slope

Friday, September 26, 14



slope

Friday, September 26, 14



Just tell them.
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http://www.regentsprep.org/regents/math/algebra/AC1/Rate.htm
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How do 
students make 

slope
meaningful? 

Friday, September 26, 14



Friday, September 26, 14



Why not steepness?
• Motivating?
• Robust?

• y=mx+b
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Why rate of change?
• Motivating :: predicting the future
• Robust :: one of five NCTM “key concepts”

• Starts with proportional reasoning
• All sub-constructs of slope can be built from there
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The Algebraic 
Ratio 

Running Pace 

Δy
Δx

=
y2 − y1
x2 − x1

Δx Δy

Scaling triangles 

How do we use math to 
make predictions? 

Context 

Snowfall Accumulation Delivery Costs 

x y 
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cascade of artifacts
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progression learningof
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Reinvented & 
made meaningful

• ratio table

• “find one” strategy

• intensive units (many-to-one)

• fraction-as-quotient

Activities

“partitive division” situations

• fair sharing

• find unit values given 
many-to-many

stage 1
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Reinvented
& objectified

• ratio table

• “find one” strategy

• intensive units (many-to-one)

• fraction-as-quotient

Activities
“partitive division” situations

• fair sharing

• find unit values given 
many-to-many

stage 1

Frederick Peck 
Frederick.Peck@Colorado.edu 
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NCTM 2014 

!

!

Stage! Artifacts! Characteristics!of!tasks!

1!

!

Reinvented!&!objectified:!!

• Ratio!table!!
• “find!one”!strategy!
• Intensive!units!
• FractionAasAquotient!

Tasks!that!involve!the!activity!of!partitive!
division,!including:!

• finding!fair!shares!
• finding!unit!values!

!
Example!activities:!
!
1.! Three children shared five chocolate bars equally.  How much chocolate did each child receive?!

 

 

State your final answer using units:         ________                                        per                           .!

!
!

2.  
3 pizzas cost  12  dollars 
 
 

1 pizza costs ____ dollars 

 
 3   pizzas cost  12   dollars 
 
 

____ pizzas costs  1  dollar 
  

 
 
 

________                                    per                        .      

 
 
 
 

________                                    per                        .   
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& objectified

• ratio table

• “find one” strategy

• intensive units (many-to-one)
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• find unit values given 
many-to-many
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Stage! Artifacts! Characteristics!of!tasks!

1!

!

Reinvented!&!objectified:!!

• Ratio!table!!
• “find!one”!strategy!
• Intensive!units!
• FractionAasAquotient!

Tasks!that!involve!the!activity!of!partitive!
division,!including:!

• finding!fair!shares!
• finding!unit!values!

!
Example!activities:!
!
1.! Three children shared five chocolate bars equally.  How much chocolate did each child receive?!

 

 

State your final answer using units:         ________                                        per                           .!

!
!

2.  
3 pizzas cost  12  dollars 
 
 

1 pizza costs ____ dollars 

 
 3   pizzas cost  12   dollars 
 
 

____ pizzas costs  1  dollar 
  

 
 
 

________                                    per                        .      

 
 
 
 

________                                    per                        .   
    

Fraction-as-quotient

Intensive units

Ratio table

“find one” strategy
intensive units
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stage 2

• find and continue patterns

• convert between multiple representations 
of functions

• intensive units

• function tables

• algebraic equations

• graphs in coord. plane

• rate of change

Reinvented & 
made meaningful

Activities

Assembled
& coordinated
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Activities

stage 2

• find and continue patterns

• convert between multiple representations 
of functions

Assembled
& coordinated

• intensive units

Reinvented
& objectified

• function tables

• algebraic equations

• graphs in coord. plane

• rate of change
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Stage! Artifacts! Characteristics!of!tasks!

2!

!

Assembled!and!coordinated:!!
• Intensive!units!

Reinvented!&!objectified:!!
• Algebraic!equations!
• Function!tables!
• Graphs!in!coord.!plane!
• Rate!of!change!

Tasks!that!involve:!
• Finding!and!continuing!patterns!in!

geometric!figures!and!tables!of!values,!
where!there!is!a!“starting!value”!and!the!
independent!variable!increases!by!1!

• Converting!between!multiple!
representations!of!functions!(focusing!
on!table!rows!and!points!in!the!plane!as!
solutions!to!twoAvariable!equations)!

!
Example!activities:!
!

Plain che e s e  (no toppings ) - - - - - - - - - - - - - - - -  $6.95 

1 topping - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  $8.20 

2 toppings  - - - - - - - - - - - - - - - - - - - - - - - - - - - -  $9.45 

3 toppings  - - - - - - - - - - - - - - - - - - - - - - - - - - - -  $10.70 !

 

Find patterns: What patterns do you notice in the prices?   
 
 
 

Find a rule: Write a rule that you can use to predict the total cost of a pizza if you know the number of toppings.   

Write the rule as an equation 

 

Write the rule with an arrow chain 
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Reinvented & 
made meaningful

• parametric coefficient

Activities
make predictions given: 

• rate and start

• well-ordered function table (△x = 1)

Assembled
& coordinated

• algebraic equations

• function tables

• rate of change

stage 3
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Stage! Artifacts! Characteristics!of!tasks!

3!

!

Assembled!and!coordinated:!

• Algebraic!equations!

• Rate!of!change!

Reinvented!&!objectified:!!

• Parametric!coefficient!

Objectified!

• Rate!of!change!

• Function!tables!

Making!predictions!in!linear!situations,!given:!

• The!rate!of!change!and!starting!value!

• Multiple!data!points!(e.g.,!in!a!table),!

where!the!independent!variable!

increases!by!one.!

!

Example!activities!

1.!!

!
(just!search!Google!for!“at!the!current!rate”!(in!quotes))!

!

Class discussion:  
• “What prediction does the author make? 
• “How does the author make this prediction?” 
• “Why does multiplication make a prediction?” 

 
Goal is to discipline perception to the role of rates and 

multiplication to make predictions.((

! 2.! The table below shows the cost of shipping used X-box 
games from CHEEP GAMZ ONLINE. Some of the data is 
missing. Based on the data in the table, how much 
would it cost to have 12 games shipped? 
 
!

Number'of'
games'

Total'cost'

0! !

1! !

2! 20.00!

3! 26.00!

4! 32.00!

5! 38.00!

6! 44.00!
!
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Activities
make predictions given: 
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Reinvented
& objectified

• parametric coefficient

Activities
make predictions given: 

• rate and start

• well-ordered function table (△x = 1)
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3!

!
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• The!rate!of!change!and!starting!value!

• Multiple!data!points!(e.g.,!in!a!table),!

where!the!independent!variable!

increases!by!one.!

!

Example!activities!

1.!!

!
(just!search!Google!for!“at!the!current!rate”!(in!quotes))!

!

Class discussion:  
• “What prediction does the author make? 
• “How does the author make this prediction?” 
• “Why does multiplication make a prediction?” 

 
Goal is to discipline perception to the role of rates and 

multiplication to make predictions.((

! 2.! The table below shows the cost of shipping used X-box 
games from CHEEP GAMZ ONLINE. Some of the data is 
missing. Based on the data in the table, how much 
would it cost to have 12 games shipped? 
 
!

Number'of'
games'

Total'cost'

0! !

1! !

2! 20.00!

3! 26.00!

4! 32.00!

5! 38.00!

6! 44.00!
!

... At the current rate, Apple 
stands to produce more than 40 

million iPhone 3Gs over the 
course of twelve months ...

... 800,000 units per week ...
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Reinvented
& objectified

• parametric coefficient

Activities
make predictions given: 

• rate and start
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• “How does the author make this prediction?” 
• “Why does multiplication make a prediction?” 

 
Goal is to discipline perception to the role of rates and 

multiplication to make predictions.((

! 2.! The table below shows the cost of shipping used X-box 
games from CHEEP GAMZ ONLINE. Some of the data is 
missing. Based on the data in the table, how much 
would it cost to have 12 games shipped? 
 
!

Number'of'
games'

Total'cost'

0! !

1! !

2! 20.00!

3! 26.00!

4! 32.00!

5! 38.00!

6! 44.00!
!

FAP: Randy why is that [multiplication] going 
to get us a prediction for the number of 
iPhones in a year? How does weeks turn into 
iPhones?

Randy: Because for every week you have, you 
produce a certain amount of iPhones, so if you 
multiply it by a certain amount of weeks, the 
amount of iPhones will go up. [The reason-

FAP: [For every– 

Randy: -that might be important is for 
(investors to know)
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Goal is to discipline perception to the role of rates and 

multiplication to make predictions.((

! 2.! The table below shows the cost of shipping used X-box 
games from CHEEP GAMZ ONLINE. Some of the data is 
missing. Based on the data in the table, how much 
would it cost to have 12 games shipped? 
 
!

Number'of'
games'

Total'cost'

0! !

1! !

2! 20.00!

3! 26.00!

4! 32.00!

5! 38.00!

6! 44.00!
!

FAP: Randy why is that [multiplication] going 
to get us a prediction for the number of 
iPhones in a year? How does weeks turn into 
iPhones?

Randy: Because for every week you have, you 
produce a certain amount of iPhones, so if you 
multiply it by a certain amount of weeks, the 
amount of iPhones will go up. [The reason-

FAP: [For every– 

Randy: -that might be important is for 
(investors to know)

Rate as 
many-per-one
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Stage! Artifacts! Characteristics!of!tasks!

3!

!

Assembled!and!coordinated:!

• Algebraic!equations!

• Rate!of!change!

Reinvented!&!objectified:!!

• Parametric!coefficient!

Objectified!

• Rate!of!change!

• Function!tables!
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• “What prediction does the author make? 
• “How does the author make this prediction?” 
• “Why does multiplication make a prediction?” 

 
Goal is to discipline perception to the role of rates and 

multiplication to make predictions.((

! 2.! The table below shows the cost of shipping used X-box 
games from CHEEP GAMZ ONLINE. Some of the data is 
missing. Based on the data in the table, how much 
would it cost to have 12 games shipped? 
 
!

Number'of'
games'

Total'cost'

0! !

1! !

2! 20.00!

3! 26.00!

4! 32.00!

5! 38.00!

6! 44.00!
!

FAP: Randy why is that [multiplication] going 
to get us a prediction for the number of 
iPhones in a year? How does weeks turn into 
iPhones?

Randy: Because for every week you have, you 
produce a certain amount of iPhones, so if you 
multiply it by a certain amount of weeks, the 
amount of iPhones will go up. [The reason-

FAP: [For every– 

Randy: -that might be important is for 
(investors to know)

Rate as 
many-per-one

Rate as number 
that can be 
accumulated
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Reinvented
& objectified

• parametric coefficient

Activities
make predictions given: 

• rate and start

• well-ordered function table (△x = 1)

Assembled
& coordinated

• algebraic equations

• function tables

• rate of change

stage 3Up and down in the cascade
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stage 4
• unit rate strategy

• algebraic ratio

make predictions given: 

• one value in proportional situation

• two data points with △x ≠ 1

• ratio table

• “find one” strategy

• fraction as quotient

• rate of change

• function tables

Reinvented & 
made meaningful

Activities

Assembled
& coordinated

Friday, September 26, 14



stage 4
Reinvented

& objectified
• unit rate strategy

• algebraic ratio

Activities
make predictions given: 

• one value in proportional situation

• two data points with △x ≠ 1

Assembled
& coordinated

• ratio table

• “find one” strategy

• fraction as quotient

• rate of change

• function tables
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Stage! Artifacts! Characteristics!of!tasks!

4!

!

Assembled!and!coordinated:!
• “Find!one”!strategy!
• Ratio!table!
• Fraction!as!quotient!
• Function!tables!
• Rate!of!change!

Reinvented!&!objectified:!
• Unit!rate!strategy!
• Algebraic!ratio!

Objectified!
• Rate!of!change!

Make!predictions!in!linear!situations!given:!!
• A!single!data!point,!for!situations!where!

the!values!of!the!variables!are!
proportional!

• Two!data!points,!for!situations!where!
there!is!a!starting!value.!!
!

Problem!contexts!should!be!chosen!to!make!
clear!the!distinction!between!changes!and!
values.!

!
Example!activities:!
!
1.!Unit!rate!strategy!
!
Ms. Magro runs six miles every day. On average it takes 
her 54 minutes to run six miles. At this rate, how long 
will it take Ms. Magro to run an 11-mile race? 

! 2.!Algebraic!ratio!
 
At the end of the summer, the YMCA drains their swimming pool. Raif and 
Julie are in charge of measuring the height of the pool as it drains. 

Raif says: I checked the pool two hours after we started 
draining it.  When I checked, the height of the water was 
517 mm. 

Julie says: I checked the pool seven hours after we started 
draining it.  When I checked, the height of the water was 
420 mm.   

 
Imagine you checked the height of the pool five hours after the YMCA 
started draining it. What would the height have been? 

! !
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stage 4

make predictions given one value in 
proportional situation

Ms. Magro runs 6 miles every day. On average, she can run six miles in 54 minutes. At this rate, 
how long would it take Ms. Magro to run an 11-mile race? 

!
!
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stage 4

make predictions given one value in 
proportional situation

Ms. Magro runs 6 miles every day. On average, she can run six miles in 54 minutes. At this rate, 
how long would it take Ms. Magro to run an 11-mile race? 

!
!
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!

Stage! Artifacts! Characteristics!of!tasks!

1!

!

Reinvented!&!objectified:!!

• Ratio!table!!
• “find!one”!strategy!
• Intensive!units!
• FractionAasAquotient!

Tasks!that!involve!the!activity!of!partitive!
division,!including:!

• finding!fair!shares!
• finding!unit!values!

!
Example!activities:!
!
1.! Three children shared five chocolate bars equally.  How much chocolate did each child receive?!

 

 

State your final answer using units:         ________                                        per                           .!

!
!

2.  
3 pizzas cost  12  dollars 
 
 

1 pizza costs ____ dollars 

 
 3   pizzas cost  12   dollars 
 
 

____ pizzas costs  1  dollar 
  

 
 
 

________                                    per                        .      

 
 
 
 

________                                    per                        .   
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stage 4

make predictions given one value in 
proportional situation

Ms. Magro runs 6 miles every day. On average, she can run six miles in 54 minutes. At this rate, 
how long would it take Ms. Magro to run an 11-mile race? 

!
!
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stage 4

make predictions given one value in 
proportional situation

Ms. Magro runs 6 miles every day. On average, she can run six miles in 54 minutes. At this rate, 
how long would it take Ms. Magro to run an 11-mile race? 

!
!

Because for every week you have, 
you produce a certain amount of 
iPhones, so if you multiply it by 
a certain amount of weeks, the 
amount of iPhones will go up.
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stage 4

make predictions given one value in 
proportional situation

Ms. Magro runs 6 miles every day. On average, she can run six miles in 54 minutes. At this rate, 
how long would it take Ms. Magro to run an 11-mile race? 

!
!
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stage 4

make predictions given two data points: 

• x & y not proportional

• △x ≠ 1
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stage 4
Reinvented

& objectified
• unit rate strategy

• algebraic ratio

Activities
make predictions given: 

• one value in proportional situation

• two data points with △x ≠ 1

Assembled
& coordinated

• ratio table

• “find one” strategy

• fraction as quotient

• rate of change

• function tables
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stage 4
Reinvented

& objectified
• unit rate strategy
• algebraic ratio

Activities
make predictions given: 
• one value in proportional situation
• two data points with △x ≠ 1

Assembled
& coordinated

• ratio table
• “Ànd one” strategy
• fraction as quotient
• rate of change
• function tables
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Reinvented

& objectified
• unit rate strategy
• algebraic ratio

Activities
make predictions given: 
• one value in proportional situation
• two data points with △x ≠ 1

Assembled
& coordinated

• ratio table
• “Ànd one” strategy
• fraction as quotient
• rate of change
• function tables
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stage 4
Reinvented

& objectified
• unit rate strategy
• algebraic ratio

Activities
make predictions given: 
• one value in proportional situation
• two data points with △x ≠ 1

Assembled
& coordinated

• ratio table
• “Ànd one” strategy
• fraction as quotient
• rate of change
• function tables
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stage 4
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stage 4

Negative change where 
negative value doesn’t 

make sense

Dynamic
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stage 5
• geometric ratio

• show change on number line diagrams

• make predictions given graph

• algebraic ratio

• rate of change

• number line

• function tables

• graphs in coordinate plane

Reinvented & 
made meaningful

Activities

Assembled
& coordinated
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stage 5
Reinvented

& objectified
• geometric ratio

Activities • show change on number line diagrams

• make predictions given graph

Assembled
& coordinated

• algebraic ratio

• rate of change

• number line

• function tables

• graphs in coordinate plane
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Stage! Artifacts! Characteristics!of!tasks!

5!

!

Assembled!and!coordinated:!
• Number!line!
• Graphs!in!coord.!plane!
• Rate!of!change!
• Algebraic!ratio!

Reinvented!&!objectified:!
• Geometric!ratio!

Objectified:!
• Graphs!in!coord.!plane!

• Show!change!on!numberAline!diagrams.!
• Make!predictions!in!linear!situations!where!

there!is!a!starting!value,!given!a!graph!of!a!
function!in!a!coordinate!plane.!

!
Example!activities:!
!
1. The temperature in Alamosa, Colorado rose from -

12° to 24°.  

Draw an arrow on the number line below to show this 

change.  

 

! 2. 

 

• What are two variables that are changing in the graph?  

• Write a sentence that describes how these two variables are 

changing 

• Find the rate of change in the graph 

• At this rate, when will the stock of Bluefin tuna be depleted? 

! !

Friday, September 26, 14



stage 5
Reinvented

& objectified
• geometric ratio

Activities • show change on number line diagrams

• make predictions given graph

Assembled
& coordinated

• algebraic ratio

• rate of change

• number line

• function tables

• graphs in coordinate plane
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! !
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stage 5
Reinvented

& objectified
• geometric ratio

Activities • show change on number line diagrams

• make predictions given graph

Assembled
& coordinated

• algebraic ratio

• rate of change

• number line

• function tables

• graphs in coordinate plane
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function!in!a!coordinate!plane.!

!
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!
1. The temperature in Alamosa, Colorado rose from -

12° to 24°.  

Draw an arrow on the number line below to show this 

change.  

 

! 2. 

 

• What are two variables that are changing in the graph?  

• Write a sentence that describes how these two variables are 

changing 

• Find the rate of change in the graph 

• At this rate, when will the stock of Bluefin tuna be depleted? 

! !
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5!

!
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• Number!line!
• Graphs!in!coord.!plane!
• Rate!of!change!
• Algebraic!ratio!

Reinvented!&!objectified:!
• Geometric!ratio!

Objectified:!
• Graphs!in!coord.!plane!

• Show!change!on!numberAline!diagrams.!
• Make!predictions!in!linear!situations!where!

there!is!a!starting!value,!given!a!graph!of!a!
function!in!a!coordinate!plane.!

!
Example!activities:!
!
1. The temperature in Alamosa, Colorado rose from -

12° to 24°.  

Draw an arrow on the number line below to show this 

change.  

 

! 2. 

 

• What are two variables that are changing in the graph?  

• Write a sentence that describes how these two variables are 

changing 

• Find the rate of change in the graph 

• At this rate, when will the stock of Bluefin tuna be depleted? 
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stage 6

• physical property

• compare rates given graph of two 
intersecting linear functions 

• measure steepness of objects

• rate of change

• graphs in coordinate plane

Reinvented & 
made meaningful

Activities

Assembled
& coordinated
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stage 6

Reinvented
& objectified

• physical property

Activities
• compare rates given graph of two 

intersecting linear functions 

• measure steepness of objects

Assembled
& coordinated

• rate of change

• graphs in coordinate plane
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Stage! Artifacts! Characteristics!of!tasks!

6!

!

Assembled!and!coordinated:!
• Rate!of!change!
• Graphs!in!coord.!plane!

Reinvented!&!objectified!
• Physical!property!

• Compare!rates!given!two!intersecting!linear!
functions!graphed!in!a!coordinate!plane.!

• Measure!and!compare!the!steepness!of!
objects!

!
Example!activities!
!
Charlie and Linus are running along a straight track.  A position vs. time graph for both runners is shown below. 

 

 

 

• At the instant, ! = 2!sec, who is running faster, Charlie or Linus?  

 

• Do Linus and Charlie ever have the same speed?  If so, at what time? 

 

!
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Reinvented
& objectified

• physical property

Activities
• compare rates given graph of two 

intersecting linear functions 

• measure steepness of objects

Assembled
& coordinated

• rate of change

• graphs in coordinate plane
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Stage! Artifacts! Characteristics!of!tasks!

6!

!

Assembled!and!coordinated:!
• Rate!of!change!
• Graphs!in!coord.!plane!

Reinvented!&!objectified!
• Physical!property!

• Compare!rates!given!two!intersecting!linear!
functions!graphed!in!a!coordinate!plane.!

• Measure!and!compare!the!steepness!of!
objects!

!
Example!activities!
!
Charlie and Linus are running along a straight track.  A position vs. time graph for both runners is shown below. 

 

 

 

• At the instant, ! = 2!sec, who is running faster, Charlie or Linus?  

 

• Do Linus and Charlie ever have the same speed?  If so, at what time? 

 

!
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slope

How do 
students make 

slope

How do 
students make 

slope
meaningful? 
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slope

How do 
students make 

slope
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cascade of artifacts

The Algebraic 
Ratio 

Running Pace 

Δy
Δx

=
y2 − y1
x2 − x1

Δx Δy

Scaling triangles 

How do we use math to 
make predictions? 

Context 

Snowfall Accumulation Delivery Costs 

x y 
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